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Overview 
 
A set of steady-state analytical solutions of groundwater inflows to open excavations is assembled. The 
solutions are appropriate for developing preliminary estimates of long-term rates of groundwater flows into 
open excavations. 
 
The solutions incorporate the following assumptions: 
 

 The aquifer is a continuous porous medium; 

 The aquifer is homogeneous and isotropic; and 

 Flow is steady and laminar. 
 
Ten solutions are presented for two cases: flow into the sides of a long excavation (linear flow) and flow 
into the sides of a circular excavation (radial flow). 
 
Solutions for five conceptual models are provided for each of these two cases: 
 

 Flow through a confined aquifer; 

 Flow through an unconfined flow without recharge; 

 Combined confined/unconfined flow; 

 Flow through an unconfined flow with recharge; and 

 Flow through an aquifer that is overlain by a leaky aquitard. 
 
Two additional solutions are presented for the estimation of the flow into the base of a circular excavation. 
 
References for the solutions are provided. For completeness, the derivations of the solutions are included 
in appendices. 
 
A separate report has been prepared to summarize approaches for estimating inflows to rectangular 
excavations. 
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Part 1: Steady-state flow into the sides of a long excavation 
 
1. Linear flow into the sides of an excavation in a confined aquifer 
 
2. Linear flow into the sides of an excavation in an unconfined aquifer 
 
3. Linear flow into the sides of an excavation in an aquifer with conversion between unconfined and 

confined conditions 
 
4. Linear flow into the sides of an excavation in an unconfined aquifer with recharge 
 
5. Linear flow into the sides of an excavation in a confined aquifer that is overlain by a leaky aquitard 
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1. Model 1: Linear flow into the sides of an excavation in a confined aquifer 
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The inflow into both sides of an excavation of length L is: 
 
 

𝑄 =  −2𝐾𝐷
(𝐻 − ℎ𝑑)

𝐴
 𝐿 

 
 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 The solution is presented in Mansur and Kaufman (1962; Equation [3-6]). 
 

 The derivation of the solution is included in Appendix A. 
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2. Model 2: Linear flow into the sides of an excavation in an unconfined aquifer 
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The inflow into both sides of an excavation of length L is: 
 
 

𝑄 = −𝐾
(𝐻2 − ℎ𝑑

2 )

𝐴
 𝐿 

 
 
The heads H and hd are measured with respect to the base of the aquifer. 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 The solution is presented in Mansur and Kaufman (1962; Equation [3-11]) and is a special case of 
Bear (1979; Equation [5-213]) for no recharge [N = 0]. 

 

 The derivation of the solution is included in Appendix A. The solution for the head is derived with the 
Dupuit-Forchheimer approximation but the solution for the discharge is exact. 
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3. Model 3: Linear flow into the sides of an excavation in an aquifer with conversion 
between unconfined and confined conditions 

 
The water level in the excavation is lowered below the top of the aquifer. 
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The inflow into both sides of an excavation of length L is: 
 
 

𝑄 = −𝐾
(2𝐷𝐻 − 𝐷2 − ℎ𝑑

2)

𝐴
 𝐿 

 
 
The heads H and hd are measured with respect to the base of the aquifer. 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 The solution is presented in Mansur and Kaufman (1962; Equation [3-18]). 
 

 The derivation of the solution is included in Appendix A. 
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4. Model 4: Linear flow into the sides of an excavation in an unconfined aquifer with 
recharge 

 
 

 
 

 
 

  

I I 
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For steady recharge at a rate I, the discharge into both sides the excavation of length L is: 
 
 

𝑄 = −𝐾 [
(𝐻2 − ℎ𝑑

2)

𝐴
+

𝐼𝐴

𝐾
]  𝐿 

 
 
The heads H and hd are measured with respect to the base of the aquifer. 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 The solution is presented in Bear (1979; Equation [5-213]). 
 

 The derivation of the solution is included in Appendix A. The solution for the head is derived with the 
Dupuit-Forchheimer approximation but the solution for the discharge is exact. 
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5. Model 5: Linear flow into the sides of an excavation in a confined aquifer that is 
overlain by a leaky aquitard 
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The inflow into both sides of an excavation of length L is: 
 
 

𝑄 = −2
𝐾𝐷

𝜆
(𝐻 − ℎ𝑑)

(1 + 𝐸𝑋𝑃 {
−2𝐴

𝜆
})

(1 − 𝐸𝑋𝑃 {
−2𝐴

𝜆
})

 𝐿 

𝜆 = [
𝐾𝐷

(𝐾′/𝑏′)
]

1/2

 

 
 
 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
Reference: 
 
The solution is presented her for the first time. The derivation of the solution is presented in Appendix A. 
The derivation follows approaches of Huisman (1972). The solution for the special case of an aquifer that is 
semi-infinite in length is given in Bear (1979; Equation [5-29]). 
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Part 2: Steady-state radial flow into the sides of a circular excavation 
 
6. Radial flow into the sides of a circular excavation in a confined aquifer 
 
7. Radial flow into the sides of a circular excavation in an unconfined aquifer 
 
8. Radial flow into the sides of a circular excavation in an aquifer with conversion between unconfined and 

confined conditions 
 
9. Radial flow into the sides of a circular excavation in an unconfined aquifer with recharge 
 
10. Radial flow into the sides of a circular excavation in a confined aquifer that is overlain by a leaky 

aquitard 
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6. Model 6: Radial flow into the sides of a circular excavation in a confined aquifer 
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The inflow into the excavation is: 
 
 

𝑄 = −2𝜋𝐾𝐷
(𝐻 − ℎ𝑑)

ln {
𝑅
𝑅0

}
  

 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 The solution is referred to as the Thiem solution and is presented in Mansur and Kaufman (1962; 
Equation [3-47]). 

 

 The derivation of the solution is included in Appendix B. 
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7. Model 7: Radial flow into the sides of a circular excavation in an unconfined 
aquifer 
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The inflow into the excavation is: 
 
 

𝑄 =  −𝜋𝐾
(𝐻2 − ℎ𝑑

2 )

ln {
𝑅
𝑅0

}
 

 
 
The heads H and hd are measured with respect to the base of the aquifer. 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 The solution is referred to as the Dupuit solution and is presented in Mansur and Kaufman (1962; 
Equation [3-57]) and Bear (1979; Equation [8-24]). 

 

 The derivation of the solution is included in Appendix B. The solution for the head profile is derived with 
the Dupuit-Forchheimer approximation, but the solution for the discharge is exact. 
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8. Model 8: Radial flow into the sides of a circular excavation in an aquifer with 
conversion between unconfined and confined conditions 

 
The water level in the excavation is lowered below the top of the aquifer. 
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The inflow into the excavation is: 
 
 

𝑄 =  −𝜋𝐾
(2𝐷𝐻 − 𝐷2 − ℎ𝑑

2 )

ln {
𝑅
𝑅0

}
 

 
 
The heads H and hd are measured with respect to the base of the aquifer. 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 This solution is presented in Mansur and Kaufman (1962; Equation [3-67]). 
 

 The derivation of the solution is included in Appendix B. 
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9. Model 9: Radial flow into the sides of a circular excavation in an unconfined 
aquifer with recharge 
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For steady recharge at a rate I, the inflow into the excavation is: 
 
 

𝑄 = −
𝜋𝐾

𝑙𝑛 {
𝑅
𝑅0

}
[(𝐻2 − ℎ𝑑

2 ) +
𝐼

2𝐾
(𝑅2 − 𝑅0

2) −
𝐼𝑅0

2

𝐾
𝑙𝑛 {

𝑅

𝑅0
}] 

 
 
The heads H and hd are measured with respect to the base of the aquifer. 
The negative sign denotes flow out of the aquifer into the excavation for hd < H. 
 
References: 
 

 This solution for the discharge is obtained by re-arranging Equation [8-34]) in Bear (1979). 
 

 The derivation of the solution is included in Appendix B. The solution for the head profile is derived with 
the Dupuit-Forchheimer approximation, but the solution for the discharge is exact. 
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10. Model 10: Radial flow into the sides of a circular excavation in a confined aquifer 
that is overlain by a leaky aquitard 
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The inflow into the excavation is: 
 
 

𝑄 =  2𝜋𝐾𝐷
𝑅0

𝜆
(𝐻 − ℎ𝑑)

[𝐼1 (
𝑅0

𝜆
) 𝐾0 (

𝑅
𝜆

) + 𝐼0 (
𝑅
𝜆

) 𝐾1 (
𝑅0

𝜆
)]

[𝐼0 (
𝑅0

𝜆
) 𝐾0 (

𝑅
𝜆

) − 𝐼0 (
𝑅
𝜆

) 𝐾0 (
𝑅0

𝜆
)]

 

 

𝜆 = [
𝐾𝐷

(𝐾′/𝑏′)
]

1/2

 

 
 
The functions I0, I1, K0 and K1 are defined as follows: 
 
I0 Modified Bessel function of the first kind, order 0 
I1 Modified Bessel function of the first kind, order 1 
K0 Modified Bessel function of the second kind, order 0 
K1 Modified Bessel function of the second kind, order 1 
 
The denominator in the expression for Q is negative; therefore, Q is negative for hd < H. 
The negative sign denotes flow out of the aquifer into the excavation. 
 
References: 
 
The solution is presented her for the first time. The derivation of the solution is presented in Appendix B, 
following the general approach of Huisman (1972) and Bear (1979; Section 8-4). 
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Part 3: Steady-state flow into the base of a circular excavation 
 
11. Forchheimer (1914) solution 
 
12. Hvorslev (1951) Case 4/C 
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11. Model 11: Flow into the base of a circular excavation: Forchheimer (1914) solution 
 
The conceptual model for the Forchheimer (1914) solution [also Hvorslev (1951) Case 2] is illustrated 
below. The circular excavation of diameter D is open to a confined aquifer only across its bottom. 
Applications of the solution are presented in Suzuki and Yokoya (1992) and Marinelli and Niccoli (2000). 
 
 

 

 
 

Conceptual model for the Forchheimer (1914) solution 
 
 
The Forchheimer (1914) solution for the flow rate into the bottom of the excavation is: 
 

𝑄 = 2𝐷 ∗ 𝐾Δ𝐻 

 
In terms of the radius of the circular excavation, R0, the solution is written as: 
 

𝑄 = 4𝑅0 ∗ 𝐾Δ𝐻 

 
 

  

H 
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12. Model 12: Flow into the base of a circular excavation: Hvorslev (1951) Case 4/C 
 
The inflow the base of a circular excavation in an extensive formation has been analyzed by Harza (1935) 
and Taylor (1948). The results of their analyses are reproduced as Hvorslev (1951) Case 4/C. The 
conceptual model for this case is illustrated below. Silvestri et al. (2012) have derived an exact solution that 
has this problem as a limiting case. The results of their analysis are nearly identical to those of Harza and 
Taylor (Neville, 2013). 
 
 

 
 
 

Conceptual model for Hvorslev (1951) Case 4/C 
 
 
The flow rate into the bottom of the excavation is approximately: 
 

𝑄 = 2.75𝐷 ∗ 𝐾Δ𝐻 

 
In terms of the radius of the circular excavation, R0, the solution is written as: 
 

𝑄 = 5.5𝑅0 ∗ 𝐾Δ𝐻 
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Notes on analytical solutions for groundwater inflow to the base of a circular 
excavation: 
 
Model 11. Forchheimer (1914) solution 
 
 
1. Conceptual model 
 
The conceptual model for the Forchheimer (1914; p. 75) solution is shown in Figure 1. The solid 
line in the impervious layer represents the potentiometric surface in the underlying aquifer. Implicit 
in the conceptual model is that the source of water is a constant-head surface at some distance 
x >> rw, and that the aquifer is thick. Hvorslev (1951) adopted the Forchheimer (1914) as his shape 
factor Case 3 (p. 31) and Case B (p. 44). 
 

 
 

Figure 1. Conceptual model for the Forchheimer (1914) solution 
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2. Solutions for head and discharge 
 
The solution for the hydraulic head in the confined aquifer is (Suzuki and Yokoya, Eq 5): 
 

1( ) sin
2

w

w

rQ
H h r

Kr r
     
 

 

 
The solution for the inflow to the excavation is: 
 

ܳ ൌ  ௪ݏ௪ݎܭ4
 
Check: 
 
In the limit as r >> rw, the solution reduces to: 
 

ܪ െ ݄ሺݎ ≫ ௦ሻݎ → 	
ܳ

௪ݎܭߨ2
ሺ0ሻ	ଵି݊݅ݏ ൌ 0 

 
That is, 
 

݄ሺݎ ≫ ௦ሻݎ →   ܪ
 
Given the drawdown in the excavation, sw = H-hw, the discharge is given by: 
 

 1sin 1
2

2 2

4

w
w

w

w

Q
H h

Kr

Q

Kr

Q

Kr






 





 

 
Re-arranging: 
 

ܳ ൌ  ௪ݏ௪ݎܭ4
 
This is Suzuki and Yokoya, Eq 1. 
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3. Calculation of radius of influence 
 
The head at a radial distance R is obtained by evaluating the head solution at r = R: 
 

1sin
2

w
R

w

rQ
H h

Kr R
     
 

 

 
Solving for R yields: 
 

 

 

2
sin

2
sin

w w
R

w

w
R

Kr r
H h

Q R

r
R

Kr
H h

Q





 
  

 

 
 

 
 

 

 
This is Suzuki and Yokoya, Eq 6. 
 
Substituting for the discharge in the expression for Q yields: 
 

   

   
 

2
sin

4

sinsin
22

w

w
R

w w

w w

R
R

ww

r
R

Kr
H h

Kr s

r r

H h
H h

ss






 

 
 

 
   

   
  

 

 
Defining the drawdown at r = R as sR, we can write the expression for the radius of influence as. 
 

1

sin
2

w R

w

R

r s
s




  
  

  

 

 
This expression is Suzuki and Yokoya Eq 7. 
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Estimation of the radius of influence 
 
The relation between the radius of influence and the drawdown is plotted in Figure 2. 
 

 
 

Figure 2. Radius of influence for the Forchheimer solution 
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The radius of influence is estimated in three steps: 
 
1. Choose a criterion for negligible drawdown, expressed as a fraction of the drawdown in the 

excavation; 
2. Estimate R/rw from the chart; and 
3. Multiple R/rw by the effective radius of the excavation, rw. 
 
Example: 
 
 Assume the drawdown in the excavation is 10 m 
 Assume that a "negligible" drawdown is 1.0 cm 
 Calculate sR/sw = 1.0 cm/10 m = 0.001 
 From the chart: R/rw = 636 
 If rw = 50 m, R = 31,800 m (!) 
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Notes on analytical solutions for groundwater inflow to the base of a circular 
excavation: 
 
Model 12. Hvorslev (1951) Case 4/C model [Harza/Taylor] 
 
 
Hvorslev (1951) cited “empirical data” by Harza and Taylor as the sources for this solution, which Hvorslev 
designated Case 4 (p. 31) and Case C (p. 44) [“soil flush with bottom in uniform soil”]:  
 

ܳ ൌ  ଴ݎ	௧݄ܭ	5.50
 
Taylor (1948) obtained his result from the carefully drawn flownet reproduced in Figure 1. 
 

 
 

Figure 1. Flow net for the radial flow to the bottom of an excavation 
(Reproduced from Taylor, 1948) 
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The Taylor flow net solution for the inflow into the base can be written as: 
 

ܳ ൌ ௧݄ܭߨ2
݊௙
݊ௗ

൬
ܾݎ
݈
൰ 

 
Parameters: 
 
r: 5.1 r0 
b: 1.8 r0 
l: 2.3 r0 
 
From the flow net solution: 
 
nf = 5 
nd = 22 
 

ܳ ൌ ௧݄ܭߨ2
ሺ5ሻ
ሺ22ሻ

ቆ
ሺ5.1	ݎ଴ሻሺ1.8	ݎ଴ሻ

ሺ2.3	ݎ଴ሻ
ቇ ൌ  ଴ݎ	௧݄ܭ	5.70

 
Taylor also referred to the additional investigations of Harza (1935) conducted with electric analog 
methods. Taylor indicated that the Harza results confirmed that the inflow is insensitive to the radial extent 
of the cross section, the depth below the well, and the depth of the soil. This is because practically all head 
is lost near the entrance to the well. 
 
Silvestri and others (2012) developed an exact analytical solution for the problem of an infinitely thick 
aquifer: 
 

ܳ ൌ ܦܪ∆ܭ	2.804 ൌ  ଴ݎ	ܪ∆ܭ	5.608	
 
This solution is amazing close to Taylor’s result, demonstrating the power of a well-constructed flownet. 
The agreement also confirms Taylor’s indication that the assumption regarding the thickness of the aquifer 
is not important, as so much of the head loss occurs right around the entrance of the well. 
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