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Overview

A set of steady-state analytical solutions of groundwater inflows to open excavations is assembled. The
solutions are appropriate for developing preliminary estimates of long-term rates of groundwater flows into
open excavations.

The solutions incorporate the following assumptions:

e The aquifer is a continuous porous medium;
e The aquifer is homogeneous and isotropic; and
e Flow is steady and laminar.

Ten solutions are presented for two cases: flow into the sides of a long excavation (linear flow) and flow
into the sides of a circular excavation (radial flow).

Solutions for five conceptual models are provided for each of these two cases:

Flow through a confined aquifer;

Flow through an unconfined flow without recharge;
Combined confined/unconfined flow;

Flow through an unconfined flow with recharge; and

Flow through an aquifer that is overlain by a leaky aquitard.

Two additional solutions are presented for the estimation of the flow into the base of a circular excavation.

References for the solutions are provided. For completeness, the derivations of the solutions are included
in appendices.

A separate report has been prepared to summarize approaches for estimating inflows to rectangular
excavations.
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Part 1: Steady-state flow into the sides of a long excavation

1. Linear flow into the sides of an excavation in a confined aquifer
2. Linear flow into the sides of an excavation in an unconfined aquifer

3. Linear flow into the sides of an excavation in an aquifer with conversion between unconfined and
confined conditions

4. Linear flow into the sides of an excavation in an unconfined aquifer with recharge

5. Linear flow into the sides of an excavation in a confined aquifer that is overlain by a leaky aquitard
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1. Model 1: Linear flow into the sides of an excavation in a confined aquifer
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The inflow into both sides of an excavation of length L is:

The negative sign denotes flow out of the aquifer into the excavation for hs < H.
References:
e The solution is presented in Mansur and Kaufman (1962; Equation [3-6]).

e The derivation of the solution is included in Appendix A.
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2. Model 2: Linear flow into the sides of an excavation in an unconfined aquifer
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The inflow into both sides of an excavation of length L is:

Q=-K

HZ_hZ
( - a) ,

The heads H and hq are measured with respect to the base of the aquifer.
The negative sign denotes flow out of the aquifer into the excavation for hs < H.

References:

e The solution is presented in Mansur and Kaufman (1962; Equation [3-11]) and is a special case of

Bear (1979; Equation [5-213]) for no recharge [N = 0].

e The derivation of the solution is included in Appendix A. The solution for the head is derived with the

Dupuit-Forchheimer approximation but the solution for the discharge is exact.
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3. Model 3: Linear flow into the sides of an excavation in an aquifer with conversion
between unconfined and confined conditions

The water level in the excavation is lowered below the top of the aquifer.
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The inflow into both sides of an excavation of length L is:

(2DH — D? — h3) .
A

The heads H and hq are measured with respect to the base of the aquifer.
The negative sign denotes flow out of the aquifer into the excavation for hs < H.

References:
e The solution is presented in Mansur and Kaufman (1962; Equation [3-18]).

e The derivation of the solution is included in Appendix A.
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4. Model 4: Linear flow into the sides of an excavation in an unconfined aquifer with
recharge
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For steady recharge at a rate /, the discharge into both sides the excavation of length L is:

B (H>—h3) IA
Q——K[T-F?] L

The heads H and hq are measured with respect to the base of the aquifer.
The negative sign denotes flow out of the aquifer into the excavation for hs < H.

References:
e The solution is presented in Bear (1979; Equation [5-213]).

e The derivation of the solution is included in Appendix A. The solution for the head is derived with the
Dupuit-Forchheimer approximation but the solution for the discharge is exact.
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5. Model 5: Linear flow into the sides of an excavation in a confined aquifer that is
overlain by a leaky aquitard
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The inflow into both sides of an excavation of length L is:

(1+ xp (224)

(- xe (20

KD
Q=-2—(H—hg) L

KD 1%/?
- [(K'/b’)

The negative sign denotes flow out of the aquifer into the excavation for hs < H.

Reference:

The solution is presented her for the first time. The derivation of the solution is presented in Appendix A.
The derivation follows approaches of Huisman (1972). The solution for the special case of an aquifer that is

semi-infinite in length is given in Bear (1979; Equation [5-29]).
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Part 2: Steady-state radial flow into the sides of a circular excavation
6. Radial flow into the sides of a circular excavation in a confined aquifer
7. Radial flow into the sides of a circular excavation in an unconfined aquifer

8. Radial flow into the sides of a circular excavation in an aquifer with conversion between unconfined and
confined conditions

9. Radial flow into the sides of a circular excavation in an unconfined aquifer with recharge

10. Radial flow into the sides of a circular excavation in a confined aquifer that is overlain by a leaky
aquitard
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6. Model 6: Radial flow into the sides of a circular excavation in a confined aquifer
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The inflow into the excavation is:

(H — hq)
Iz,

The negative sign denotes flow out of the aquifer into the excavation for hs < H.

Q = —2nKD

References:

e The solution is referred to as the Thiem solution and is presented in Mansur and Kaufman (1962;
Equation [3-47]).

e The derivation of the solution is included in Appendix B.
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7. Model 7: Radial flow into the sides of a circular excavation in an unconfined

aquifer
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The inflow into the excavation is:

(H? = h)
"z,

The heads H and hq are measured with respect to the base of the aquifer.
The negative sign denotes flow out of the aquifer into the excavation for hs < H.

Q = —nK

References:

e The solution is referred to as the Dupuit solution and is presented in Mansur and Kaufman (1962;
Equation [3-57]) and Bear (1979; Equation [8-24]).

e The derivation of the solution is included in Appendix B. The solution for the head profile is derived with
the Dupuit-Forchheimer approximation, but the solution for the discharge is exact.
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8. Model 8: Radial flow into the sides of a circular excavation in an aquifer with
conversion between unconfined and confined conditions

The water level in the excavation is lowered below the top of the aquifer.
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The inflow into the excavation is:

(2DH — D? — h3)
iy}
n RO

The heads H and hq are measured with respect to the base of the aquifer.
The negative sign denotes flow out of the aquifer into the excavation for hs < H.

Q = —nK

References:
e This solution is presented in Mansur and Kaufman (1962; Equation [3-67]).

e The derivation of the solution is included in Appendix B.
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9. Model 9: Radial flow into the sides of a circular excavation in an unconfined

aquifer with recharge
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For steady recharge at a rate /, the inflow into the excavation is:

2

0 I;}[(HZ—hé)+%(R2—R(2))_ﬁln{£}]

Kk R,

The heads H and hq are measured with respect to the base of the aquifer.
The negative sign denotes flow out of the aquifer into the excavation for hs < H.

References:

e This solution for the discharge is obtained by re-arranging Equation [8-34]) in Bear (1979).

e The derivation of the solution is included in Appendix B. The solution for the head profile is derived with

the Dupuit-Forchheimer approximation, but the solution for the discharge is exact.
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10. Model 10: Radial flow into the sides of a circular excavation in a confined aquifer
that is overlain by a leaky aquitard
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The inflow into the excavation is:

Ry
Q = 2nKD — (H — hy)

[ kp "7
A_[(K'/b’)

2 (B (B ()]

The functions /o, 11, Ko and K1 are defined as follows:

lo Modified Bessel function of the first kind, order 0
I+ Modified Bessel function of the first kind, order 1
Ko Modified Bessel function of the second kind, order 0
K1 Modified Bessel function of the second kind, order 1

The denominator in the expression for Q is negative; therefore, Q is negative for ha < H.

The negative sign denotes flow out of the aquifer into the excavation.

References:

The solution is presented her for the first time. The derivation of the solution is presented in Appendix B,

following the general approach of Huisman (1972) and Bear (1979; Section 8-4).
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Part 3: Steady-state flow into the base of a circular excavation
11. Forchheimer (1914) solution

12. Hvorslev (1951) Case 4/C
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11. Model 11: Flow into the base of a circular excavation: Forchheimer (1914) solution

The conceptual model for the Forchheimer (1914) solution [also Hvorslev (1951) Case 2] is illustrated

below. The circular excavation of diameter D is open to a confined aquifer only across its bottom.

Applications of the solution are presented in Suzuki and Yokoya (1992) and Marinelli and Niccoli (2000).
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Conceptual model for the Forchheimer (1914) solution

The Forchheimer (1914) solution for the flow rate into the bottom of the excavation is:

Q = 2D * KAH

In terms of the radius of the circular excavation, Ro, the solution is written as:

Q = 4R, x KAH
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12. Model 12: Flow into the base of a circular excavation: Hvorslev (1951) Case 4/C

The inflow the base of a circular excavation in an extensive formation has been analyzed by Harza (1935)
and Taylor (1948). The results of their analyses are reproduced as Hvorslev (1951) Case 4/C. The
conceptual model for this case is illustrated below. Silvestri et al. (2012) have derived an exact solution that
has this problem as a limiting case. The results of their analysis are nearly identical to those of Harza and
Taylor (Neville, 2013).

A
A\ 4

Conceptual model for Hvorslev (1951) Case 4/C

The flow rate into the bottom of the excavation is approximately:

Q = 2.75D * KAH

In terms of the radius of the circular excavation, Ro, the solution is written as:

Q = 5.5R, * KAH
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ad AQ, = T Ax



zir | ‘(“:-'Kd—h-

4 3Ff

SU‘DS‘}Tl\rbnj nto 'H-\e. ’Fluw balancc H

hz;.+b>¢‘ VUxrare — h?‘ UL = IVA-)C

N 9’{\:»3. ’H\g.f }\ct l

P g 4

= hq | + d(hq)| ax
* dx x

the flow L;iancc becomes

d — =
(;‘x‘lx+;; (kq))x.&.x> hs 9 ITAX

51Ml>H7m3 R

d (hg) ax = Iax
dx

Dlv:dmﬂ ’ero—u_gL\ L7 AXx :

d [h) = T
dx(ﬂ

l The Dw’“] fThx Cl 15 given L7 Ddrc7'_r Law -

dx
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5055‘\?\\:%/\3 "FB'Y‘ ci in the 5+‘A+<N\C/\+ of mass L&JAAC(. \7{4:!4::

£ ()

Re- ArTanging ¢

A(deh + I = O
dx

For vniform Aydrau/lc thJUC‘I’IVI*y :

K4 (hihysT-0 —()

o
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- i e b m 1t S B A 4 ot i £ 4 S s an 0 W 1 WA S g S8 ot & e i s &t s+

2. Seneral Solvfon :

let 79«},2__, h o< 95//2

o~ Jdh / 75-’; do
JX X

Soéaﬁfuﬁnj o the geverning e7um‘w-n :

| ) ,
Kji—( [ 15{7/4¢>+I = O

Which redveces Ho -

dJd (. dP -
K$< :1;)+ 271 =0

_X( _z) -“2‘1




- j;;j

A eqn

/n‘/cyra‘fmg wrt x

df - -2Ix + G
dx K

/n%ejl‘dr‘l(onﬁ a .recavwo/ %me rt X :

<j>=hz=—_/-<1_x2+C1r+C2 —(2)

The coefhcrents C1 and G, are evalvated
57 considenng the Lrvmlary con dthoms for
parhevlar cases. In the followng

Sechon we will consider svch case



3 . Farficular case:

FIXED HEADS AT BoTH FNDS :
R S A
h(a) = A, /,’_____/-"/- '
h(L) = A
| -
2 p(a) = A7 = C, X
s L
Cand pL) = b - ILFF G L 47
K hy may be saaaller,
= G- A7)+ LL e loor

SUé}'/'l‘fu’{*l/\g

?

- I x*+
K

79: /)oz+ (ALZ“/IoZ) X +

L

for C7 and C, in e 7enera/ solvh on -

(ALZ‘AQZ) + I L

% + h,°
/ K

|

L (L-x)x
L K |

h=

[/;,2 + (b

) x + I (L-x)x ]VZ
Z K




————

4) 8 f It

. * Maximumn l\cad

The maximun head oceurr alt x whec J))/J;C = 0.

i}] = J(A?) dh - | ]:_(;_\Li‘hoz\ + Il - 2Ix
dx  dx  d(K) 2h L K K

Ncw, Se-l-ﬁnj Hhe jr‘acllcnt “+o O yle(Jf the “Fo(kv-wnj
Condrhon For fhe locaton 3¢ of fhe MANMUM._AC—AJ.;

V 2 2
O = (hmho) + Tf ~ 2727
T L K K

So/wnj,. for. =,

v Kk [ G5 .
: 27T L K

sl x* = K (B2RE) £ L - (

2T L 2

CHEK - If '/\Lz‘:'fqo the fra!a/i:“m Is synvnc!nc and the -
- maximvm head should gccur at x= L/2.. -
g '




ol

—
i
H
H
- ) '-
—“*.__A_.... _—.i ——
Ny )
YT T
R e D

4) 94 If

5_U1>5-;Ln‘ufmj fo x* i the sofvhon for A*(= 96) :

Aj—.— Aoz"' (/)LZ‘A02>( K (/’
/ 21

1’ +Z_>

+,Z.(/—'" K(ITL
K 2T

SJMF{l’fymg :

hi= St (Wh7) [ K (/»L

))(K (h=h

L 2T

(4B L

ﬁ)cf_andm?, s

Z)+L>

K (/n

LJ i)

ho= hZ+ K. (..(1?;_17,/'_9?) )Z + (hEhS)
L 2

21

%)

.tLE_gﬂﬁwﬂﬂy
K+ k277 L
e ___.SJMF)ITC;op [ - —— e

2 K4

_._AZ : AH-(AL A2)+_ILZ + K

41

i
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Generahzation of comdrbions for maximvm head

/

7716’ MARXIM UM /\,’Cmol Can occ ur 4(71 x =0 , .x'-‘A, ar _xvmewﬁ.,crc
A'C’ANCC/\ a a/w/ L

""/F /)o lr JU['HC/»CI)’IL/Y //\/’je/ J%f MAXIAM UM /nczul ,/«//// gce a.l _2:.'7'0_

- /F AL Lr J'Ufﬁ'cl_ern‘/7 /4rjc/ 'f’/\-e MV AXIIN Van //\C—Lo/ .’,ul./,/ gl 5{_,"'" x> =L_

Derivahon of condrbhons for the locahon of x¥ the locxhm & A

Divide x* thrrai ’9,7 /.
o

3—9-( = ._../<_. ‘A 2*447‘) + ._1
ya 27 LLZ 2
//[ L<. M) < ~——/~ 7 I/"< O ,' AMA)‘ occulsS aqé X = O
ZI Z_z 2 A/vu\x = /70
JF _[(_(LLZ*A.l) >+_/_ / x*>[ ; AMM decurs ab > =
2L 7 2 h
max = I"L
IF k (I'Lz"h: < | AMo\x decors befween x=0 gnd x=[.
T L® z "

x* glven 57 (4)
/7m4x letn AY (5)

Max -



A
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4) 111

Dl:charg e rane

Q.= -Khdh
dx

- K dh?)
dx

2
Qx = - K (lu.z‘l\oz) + Il -~ 2]x
Z L K K

Y
6
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CIN 200¢/a5/c o
M®EL 5 DERIVATION ' 5) 14 13

- STEAPY 1P Frow IN A LEAKY AQUIFeR

. concevrual mobeL -

Fiezometnc surfoace

R e .

T — Fo == ‘?}\‘:K
_E- . 77— ,,;14,77/‘:1//7//7T//77 -
[ Rhshy | K™
b' ._‘_g__, iL. AQUARD
A LS 4l 2238 12720 28 posssss
b K ¢ —

SO L ARUIFER

y oo o L
J_,V w—h T 7 7 V4 VAV A Ard
>
Ker Assumpronds :

| = 1P fRIZoNTRL FLOW N AQUIRR. )
Kk
— 1D VERDY AL FLaw N ABRUYTARD

— UNIfSoRM  AQUIrer TRaNSMISSIVIT7, Kb
— UNIEoRm. ASUIARD FPRorerTer, K' anp b’

— UNIfoRM. HEAD AT TOF 0F ASQUITARD, b

|-

4 LBAkAGE 3L=+:f<(_*z:_b_b°_)> ~ F.h=zh ', aqmér Teaks o agrtare
x b’ < swmk g, <0 VvV
‘i e e s - — _IF,F.'( B r} aqu}’rd 'leakr A‘N& 47‘/,&
- e e e fe 32, 9, 70
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i
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i

X}

- WKTER v

BataNce

G —>

gz

AX

77TV

B

| S,
] (O
2., DeRwATIN OF GoyeRmiNG ERVATIAN L

b Ak K (B4 =
E(kﬁ)%(k h)y =0

1v |
_ - : Qeeax= Qe+ AQ

Q Axb = ?x.b +A6?L

2t
, A@l —_E_” (A—h") Ax
b= 405 K (Hoh) b

xtAx

= q t dy Ax (
x' ];‘

(1i,+§%Ax)L =qb +If)<7[(h’—£\§uc

SlmFlt":ﬁnj 2

dg axb = K’ (hbyax
dx b

DIVIij ‘H\r‘ﬁ‘\/j“\. AX,.', .

bds = K'(h-h
ol

Darc7’J Low - i= —Kj_‘\
x

Kb dh ¢ LE;(L#A\ =0 —)

d>¢



3 GENERAL STLUN oW -

WRITMNG e GIVERNING EyRUAToN IN FTANDAED fogM

L~ (KRB ha () B
P dx? kb Kb

.

THE . SovERNING &xusAnod Ir A LINEAR | SECIND-ORDER
NeNHoMo sEVER Vs . ODE . Wit cONSTANT Coese <lenTs .

| THe SEXWERAL SOLUNoN CAN BE WRIMme™N Ajd :

el HERE hH ..... AND ho ARE THe HoMocEWTDUS aNe PARTI CHUR  SaLUM ords

e HoMmoceENEoUs Solunon  Jsr = -
o hym Ao et x ]+ B e farx]
- ':/l " ' I




|
WHeR mi = + I {/K'/b'} j)/z

Levy us cacL >\ = Kb & AS3UMm (}(,/A' v,
[ (K/6') ] h '

hy = A!:NP{%'} + B Exp 2’—_;1}

THE PARDCULAR SaluNa CAN Be pEXINED USNG e  SHoRT— CUF

METHOD ¢F gPeRATORS -
. . ;
he = Exp {-P, <} X /P S [oxP f-F 57 [exe iR ] h(X)ix ] 48

oy R==L b= (KB =h
Kb

N

s

he = EXP{‘ fﬂr{i} [EXP £ j.,ﬂe,{~_7€_}_.(—_b.'> ] s

iﬁ ;;% 5’”‘”! ;[wgg }( Aﬁm{—_{})j s
- —’;~ mi~-} (mf;* 7)
= /1’ N "“



THE GbEsAl Sotumon s THepeToLE -

H=Amr{§i}+8mr{—%\i} +. bt

5) 5

13

—(2)



5) é OF 13

) 4, IARDLUAR. SoLmad

SPECIFIED HEADS IN ARUIFER. AT =0 AnD x =L

h(0) = b, —(3a)
h(LY= h_ | | - —(3b)

. EVALUATNG e BouNDAERT CoND monNS  with Tie GEWETAL SSLUD O :

h(ay=h, = AEXP__}"%? +B:—><r>zf—j\%&.} * h/,

x=0

=A+B+h @)

e, h(L)= AL=AaP{%'},+BmP!—£}+A’
N

x =L

=A EXP{%?}-/— B exr {—_i;} + b’ —(ii)

cimee W SOLUNG for. A oM. (G i

A = /‘uo-ﬁl— E e e —
B SUBsavaNG. FeR A (i) . . . e

v
H
o
.
|
i
[N
"
i

. o= [ Ao:_},.’_—,,,:Iéw.]_&a_{_/\L_},_—f;_.B_fxs{T_SL\_.,}__ﬁ.,A’ e e

e i - — - e e o
S | — - .
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5) Ff 13

CoLlECnNG TERMS
- - o L - - -
[h.-h ]EXF{T} - Bme{_i\;ﬁ-sme;j\g}
Sa\ymNG for B .

B = ho-h'- [AO—L\’]EXP{%]
Exf{—.%'} - EXP ;—/;T}

DIVIDING THROUGH BY £XP g _é-_} :

= [h- A]m{ L} [ho=h"]

B(F(f ZL‘}

A= b -h'- [[A A']mag L]~k A]}

Ew°2f~2L } -]

Dk fee 11 ] [k oL ]




SIMPUIFTING  :

A = [AO—HIJEXP {~_2>%_} _

5) 8. 13

[he-h"] ﬂFj—_)LT}

EXF)’-%\L}-/

THeREFoRE

b Do j -2 ] - [hob] o f-L

X

:.A=(

exp =& -

])mP;f_]

+ ([AL'A']EXF{'TL} - [Ao"‘I] ) B(F{‘-)%] _.<4§
Exp(-2L 7 —
[~5 1!
+ A



5) 9 4 /3

5. CHEek : Does fhe solrhon fm‘m[y Ahe bw/\c{@ comdiheons 7

f’ @x=0. h= ([Au-la']m?{-_%%,}_ [;,L_;,.jfw,zf‘)%}

fXP)”‘.Z)_\é}—/

+ ([hck’]am{—é} = [ha-h'] >

EB(P[—-%%_} ~
+ L/

_ ([Ao—wmp;—_%;_ Cheoh] e b7

RS SRR A} .
exp 2L 7 -
A .

+ J
L , /”«O o
- (_[ h-h! ] tp 2L fk[r/_m-/-,/j #h—h' [exr [}

'
e
-

o]




5) 10 # 3

ho- A]W}'ZL} [hob T e /- }) N

- L
[y~ ’Jm’f } [” ”) exr ) T;
( ﬂf} TZL] /

£ A

| L
um;z“FL J-heb ']+ [, ’ﬂ’]&“”[’zf
o] 4
= DT e L }> >y

ZL]-/
+h! /
2L 7).
==[h=h"] ('1~ EXP; _/\—]) m’f—%]”/
+ b
= [/N_-‘;"'J TI’"



5) 1 § 13

.4. Moge RosusT FoRMULATIoN

B—.

([H Hw[i?-_t_xg; [h- uw; CL- x>}>

Bxp f - ZL}

(5"

himh' T e f=(Ltm) L= [hoohi ] e f -2 /
(Z Jow - lte=) - [hob] fT}) + h

Exp {-i_l-}— ]

p!
i

o 7. chece: Doer Hhe more roburt Formn of the Solthon sabfy the éfrwk{,«7 condyons?

1-@1:0 : /)': ([Ao—t),] B(f’zr“%} ‘[AL“A’]EXI’;‘XL_ })
oo v , ﬁ\Pf-_i_L_}_}

+ ( [he-f"] xe j,,——)%_} = [A.,-A'j,> + b
£XP f-ZTL} ~/ ‘ ~

o
e o
o beemeriarde])
/\) , e _J:Bsrg -_Zé}*—,[ o e

/ ) A
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=(/>°[D<Pf~2/—}—/]—h[b<?j ZL} ])"f- /,'-'

&‘N/’f 'ZL}-I ,

2. @x=L. | ([L Llw’? Lg (- uwgei)
. o . EXPS- Zl'g ‘ o .
o ( (L Texe §- 556 — G-l 1E><Pf B §>

i t—_)(l’i EE- @

S ey

=b —[L H [, L\KEX

ﬁ B T B



8. Discharge at x=0

R Y.
0O=-KbGO
’ hl .
2L L L
h EXPs—— - _z
LR 2wt Bt v O | AU

S Q0)=-K-b A A . A A

e

Q= —Kb-%.m[(h “')(I’me’ZL]\ 2 (h~h"YExp § =5 }1,

| SPECIAL CASE : BL= B’

. FlD” H{e "f"“ z{ A c/‘ /‘)L = [3’ R fhe S fu"hffz) ,ﬁ’tr -’U;nc' 3«;‘"5 htje iTduces {a

'._ ) T .
= h»fq)\(ﬁ@jL} L(h h (H‘,‘:\P L}:{

S p /,+7,ﬁﬂ .

& - 1—_& (l\.a-— h) (1 *au?i
A
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MapeL &

Dex | VATLON

ANAUM e SO Al PR RADIAL CoNFINED PBlLow T2

A C(RCULAR X cAVAN on

. soLumad ForR HEAD

| 4 /kperdh\ = 0O . R <rsR
TAF'\ Jr) '

P IUNDARY CLoNDIQ oS ;

h(R.) = h, /(o\(”

h(R)= H




)2 .f4

Fov~ vhfwxfcjc'ac‘ow Kiand D ot can diwvde ﬂ\mmjl\ Lr7 KD + obtain -
'e

d /rdhy =20
dr ( d?)
Zn‘*’tﬁr‘n)ﬁnj ™~ e Wr6 [l

vy dh = C,
g'r_

I/H'ﬂjr;vhnj 4 secend hae wrt -
—n’\¢ &05%410147 Are J«ck/‘mmcc( 97 Const wlnjgf Ae bo\//\ i4r~7 LW\JL‘hGV\J .

1> r= RO

l"J:C[LWiRo}*'CL
) r=R

H—': (7LVL£R}+ CZ.
- (1 = H‘k;

5

€y = H—-[ H-hy ]LA{R}

bn {ﬁ_}
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;ULJ*?Y‘N"M::, /?BY C? and Cz :

h = [H—AA ]Zmir} +{’H—['H~A4 ]Lwiﬁ}—}

ik ik
5\’((%‘%/‘] terpr
h= H-— H- ha . [ R
[“if}] &F}

ﬁmrhwlr\g .
h= W= (k) (R
- {51

HECE &
i) M r=R, o ho= H- (H-h)

-'-‘1\4 v
W A =R h=H o




7. 30LUTIaON FOR OISCHARGE

Q= - 2wR, KD dh
dr

=K.
- rreRER (Hoby) (e y-R)
I R 'R - F=P,
i
& = "‘211" KD (H'L\J\ Nejq—\\,e S\j,\ Aéno{zd —{('uw
bw i—%} Inho the excavaboan when

Ay < H.



Mapel 7
DERIVATION

| 7) 143
ANALTN chl. SOLUMION oR STEADY UNLoNFNED RADIAL
LLOVTD A _CRCVUR EXChUTIon

1. The gNeNng equafion for nzonfined radial Flrw s

N
r

PR e
-M/
sVBleor —To - l»(Z,)=/’\A k*___g__ T H
h(R) = H f?/ - S ,,',
| g, R

ﬁj\(‘ A’G"V‘/Oj{f/\muf K WNE  Zon diyide ’n{’\FWJ(fL £47 _)_<_ A 4{6‘(’2/4 A
r—

d [ hrdh\ = 0
(b )

let us Aégnc A pew yan«ble n = l-\z'

= due = 2k dh
ar dr

71\6 jdV‘ﬁr’hq,\j 5,7(/41&5\\ L—&cmq :

d({1rd\ = g — Jd (rdy = 0
dr (7 &r> Ar( dr>
5&/9}@0("4-0:

u(Ko)"l\;

u(RYy = H%



7)\4. Jo/U‘f\cm o U Can be Ja—;\/tJ u/m) Ahe sare

7) 243

Pmcafurc A wal ULed do solie for Aend vnder comdfone X

Corhihonnr,

w = H*- (HZ-LJ) bn {é}

w{é

. Sounan Fok  DIICHARGE

g = -2x2.K Lk
dr

r=K,

= - 2«R K L du
~ dr

=K

SRy W) (<L)

2

15} g

8= -k (H*-h?)

b £

]
N
o
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CHECK:

A & }{MF’/— Cc\%k/ Wt Ezmn Wrmi e Solhon as -

4 = - 27K zL( H-hy) (H+hg)

{5

fo—flj/\»t“’nj (H +£\‘ﬂ as e ANTrAsE satNrpded Ahithenctr 5)

N
2
ot tee oot +/\»L UnclowBned Jolehom Lan be i en A -

& = - 27 KD (H'(\,\}
- 5

—> The v dedham| 18 fovm b The Solohan For Lovned tondbomr,

=



' 2o/l

Mad! 8 8) ]
RavaL ) 0(5

ANALTS Lr g STEAD 7, FLOW o A~ well gy
CONVERY/ NN FRIM CaNFINED 7o UNComFNED LonD 17 N

U ~TE T
7 |
. ! yd ~ S ’:/ H
B T
/ - * R P
Wa i
- B 7 T X Y
!] L‘ - 7 - 7

DERIVATI A

J') F,< v £R* - Unconfired F sre

R = 7K (Bz—Af) —(/)

“ [E)

!() R*<r< K, - C:ﬂrﬁnecl oo

Q= 2nKB (H-6) )
tn §Ro 7.
£



o co//wﬁoj terms o Gn, {r{*} o

8) 25

W) Sshe for R

Equatog (1) and (2] -

Q =7K (B%4Z) = 2xKkB_(H-B)
R*7 R,
. o § e ]

5//7)/9/17%//)_7 :

(B=47) - 2B (H-3B)

“iE) iR

ijlhj z

B2 ) 6§ ..R@;}f 28 (H-8) (a {?Rj 7

(a Af) [Ln §R }_ EXPS 5[—#] }— 28 (H- B)[QLiR_}__C;ff;,_i

ln ;R*}{ (5 A ”‘) + 26(}4—5) _}_: (8 A Z) la. gR }wﬁﬁ
S +20(H=8) g}




8) 3.[5

SO/an’ﬁrf‘ LﬂiRr}

GafR*] = (B%hJ) t fR.} + 28 (H~ e)tfr}
(8=4.5) + 2B (H-8)

.\/V) SUASﬂlhl’nlmj For Lof/?%} N (/) s

‘6{.-_—‘77—{( N (5 "Aw)

lB = A ).n{R}+ZB(H B)(of/a } ~ s}

(5’0w2)+ ZB(H BB

. EX/DAI)J/r;ﬁ:

Q@ =wk (8%47) {(B%4) +28(H-5) }
@ “hZ) e SR, + 2B (H=8)ls jru}

e =R (B8R 2) + 28 (H- 83}

-—~-~-~—-—'-~-‘57/”7('9[{7’”5-- LU S

Q=wk [ rzopin)}

v (B_Z'szllnj}?,}-:(Bj‘_l)f_)én;rw} e

B e S L R
/’_QV)%ummnmf“hmﬁﬂ___,_mmm_mwalgggsgA - S

: L Ky
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CHECK « .-

Do we obtmn the same resolt £ we Insdend sobchfote
+or- Cn{R*} m ERD (Z)?

R = 27KB | | __(H-B)

Lo SR, ] -{ (B4 & jR.7 + 258 (H-B) L, m}}
(8%h%) + 22 (4-2)

E)(/Démcllnj -
R = 2xKB (H-8){ (8=h>)+ 28 (4-8)}
ba SR, 1] (B=h) + 28 (H-B) }
- {(51-/,;)@;&} + 2B (H- B) & {1, }}
5Imflnc/mg :
R=2rKB (H-=BY{(8*=h2) +28(H-B) }

2B(H-8) (r §R. T — 28 (H-B) ¢, §r.’

= 27r1<5‘ (H-8) {(52%@2)*25@55)}
20 (H-p) & { K]

Q= 7K {(52~/>u7’>+ ZB(H_—_B_)} —(4)
TR

> The v jdeshed 4 ESD (3). v




- Kﬁm//mj Afhe solAon //mmﬁc./

KR = 7K (ZBH” BZ—AWZ)
b § K,
j 2. 7

Is fhe soluvbion we have demved —dhe same ?

L4

i~
re, F=f + 28 (H-B) = 2Bl _B?*-/ 2

Exjoancllmj the {HS :
BQ‘*A:T + 7Z8H — 252' = 25#/—5"2; gw’z.

Thie o jdeshesd 4 4e RHS.

== Yes, the solvhon we have . denved s Ahe rame.

8 55
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revised 47 fa¢ 9) 1/14

MODEL 9 . IN AN UNCONFINED A&UIFER
o ZSILUTION FoR FLOW To A SINGLE WELL WiTH ; UNIFORM RECHARGE :
- DUPUIT FORCHHEIMER SaLuman A

Consider s-'feacly radial flow + a well n a Duwpurt q<7wﬁer‘
Wrth & horizontal bq.ye,Wlﬁ\ vn rform recharge across the 'icp:

I Q I - well PUMPQA ot
<mstant rate
2 R S A A A hexd ot F.
jr( - remains consta

e —— —— (-
= T TN R

. r j’
M A i i Sy G S Gy SR S A e T

oo ~lkr. - ,
b "0

£)



| h(r+ar) — [\l\ Che)

9) 24 I4

I. DERIVATION OF GOVERNING EQUANON  (Dupust- Ferchhemer model )

Define: Q = dtscharge rate , LT3
h = head abave datum, L
F= radial distance L
K = hydravhc cenduchvry, LT/

I = infiHrahon rate, LTt

Wr‘rhng a flow balance fsr < Shee of fHe aczurper‘ P

fdv - Qp = Liar + AQ

rear

P
/) 7777y

[\g




AN

Naw/ Qr.=—‘2TTY'hCZ

r

Qepar == 2w (r+ar) hq

9 3 /i4

r+ar
where = Darey flux = — K 2h
e 9 4 =
2 2
and AQV = I‘Tl' [(r+Ar)—r~ ]

SUES‘?\Mng irtoe the Flewv balance :

- [—Z'rr (r+sr)hq t2rrhq , ] = Iw [ (rear)- 7]
r

r+asv

Nd‘hr\a ‘Hsaf :

/17 = h(t

r+ar r

+ ZAF (57)1 Ar

the flow balance becomes:

[ 2w (reary ( hq| = %(m[ru) -2nrhgq

} = I7 [(rtar)=r?])
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EXf:andlnj ;

211'[ rhcl[r + re_lf___ (hi),r&" + Ar h<{lr + (Ar)ngF (hq)lr

—r’/\q

= 2 1_
) :l Ir'[r + 2rar + (ar) rz]

SlmF(rFym 9 ¢

X
2 [ Yf (he) !rAr + A h?lr + (Ar),ﬁ“‘z)‘r ]

//
= I [’Z_rar-»- S/Ar)z]

7/

Propping  Aigher avrder ferms  and dividing threugh by -2 1 Ar :

dr r
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Substtrhng  for 9 yrelds  the Ainal form of the

govEMing <q vahan

4 (Khdh) + 1 Khdh +I=0
dr dr r dr

The following form of the governing ezoxhem 15 idenhical :

F odr dr
)
Also :
Jet wu=h" = h=u "
dho = 1 AR o du
dr 2h  dr 2u% dr

+he governng e7-'l becsrves -

d (rku™ I >+1=o
r'dr‘ u,"’rdl"

_’_i_(rdu + 2I . 0
rodr K
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I. BauNDARY conDmows #1 : DISCHARGE CoNiRoL

i) rerw :  Um - 2wrKh %h_ = -Q INsIDE B.C.
r-r. r “» D)5 cHARGE CONTRAL

(Fosr‘ﬁve pumping . ravte ypeld_s‘ flow tnwards

+ the we”)
Q = 2wrKh dh ¥ 2xFKh (h.-m -»)
dar
l‘r-o-ar = Q —= _Ar + he-
2nrKh

L

For & 70 - hr"'A" > "\r

) 18y Flow inwards

—» SIGN ConvennioN Q70 fr winprAwAL
W) rery :+ h(n) = he OUTSIPE B.C.
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II. sowumow -

1. As:umm9 canstant K , the governing <7Ua‘han Co)

be re-~wmtfen as -

d h b =-T
( >+—jlé K

dr

Or , e?ulva.(en‘f-/y :

d(ridh) <« - T
dr(re/r> -/_<—

1
-

;
2. Deﬁmng w = hz — h = M/z'
-V
dh = L u "¢ dyn
2
the governing <guaton  becomes :
L4 (ru® Lo ) I
r 2 dr K
S'lmplu-ﬁymg
_L cl (Y‘ dq> = - 2£
’ dr ( )



N
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/r\'fegr‘ovhnj wrt r .

rdu = - 21 r + C
dr K 2
dr K r

/f\+e3rrxhn9 a Second Ame wrt ro:

“u =- T r*+ S lbor + G, <— General
K 2 Solvhon
check . du = - Ir + S
dr K r
Ld(rdy s L d(-Irtrcy)
r dr dr r dr K
= L[_zrr] = -2 v
r K K



4. Determine +he coeffcrents 57 c\/a/ua‘ﬁng fAec

£dwwdq77 <o dirhons

/.) I"=f‘!:! :

Recalling that  h dh = I du
dr 2 dr

9 9 /4

the mnec éo'w\dawf Condrhion canr be woflen as :

(:m ZTTY' K l.. i‘fﬁ) = Q
r-r. 2 dr

(lm Y JLL = Q

r-r, dr TK

r—”—w r T\'K
¢, = R ¥+ Irw
TK K
i) rer,
w(ry=ht =-Lnty( &4 Int)nn
K 2 ) 524 K
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Substrtvhng  for C7 and < 1n the genera

saluhon >/le Ie(s :

Co//ec‘ﬁng ferms and 5”"‘[’"(7”‘7 g:elcls -

4 2 2 2
P (e R e () AR

SPECIAL CASE: I =0

Re hl- Q ta (K
E‘ (r)
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IV.  ADDmonal ResULTS

/, Heo.c! a.‘f‘ we”

Evalvachng the solshon for h* ot r=n, .

ho = hix I (R2rt)- Q6 (0) - Inf (5
2K K

For I=0 : A§,=Af-#§_ ()

2. Dlsc))ou‘je ot well

F we know the heat ot Hhe well and at fhe outside

bcrvndar7 we can we The above solrfion o camru%e
+the JucAarge.

(n 2K

Fw

Q =_wK [(h b)) e L) - It (s )]
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3. Locanon oF THE GROUNDWATER pIvIDE

. The extrema of the head solihon gecor <+ dh _ O.

z clr’ z
. Sinee  dh = J__El_"_ , The extrema of fhe heed solrhon alo cccor o dh° =0

dr Zh dr dr

"""/%7* the S])Qc//dt/ cate of I= O, 'f/)e exfremen o cctr a{‘
d [h*-2 ¢, =
:(?P"’ 7K (,—{_—1)] o
- -9 -F\ =
B =0

SIMF /1":7//\3 :

® 1 -0
K r

. The expresien does nof ield any extyema. We will have 4o
/J_be{‘7 the exhema Forn ~ - ;7/»7r/44{ Ar*]uawm‘f‘,

fr 820 [exteacoa] : b = ho ) b= b,
For & <O [}NJE‘C’DW] ' Pwn =he b = by,
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— Location of hmaxy Tor the gencral case o I #0

Find where slope=0 for the head solution.

Recall (Flow to a Single Well with Uniform Recharge) head solution:

2
n’ =h02+i(r02—r2)—21n LA EEFEA
2K 7K r K

.
2
PN PRSP S (O AW R IR .3
2K 7K ¥ K r

dh
Calculate — =0:
ar

4Ir 40 4Ir)}
e s
dh 1 K #aKr Kr

dr 4 2
PTIE: SSLRE N I R IF )
K 7K r K r

Isolate expression for r:

2
i JOK +In OIK  _ r2s &
InK Im

If the value of I equals 0, the equation will not be computable; the location of A__ in such a
case, willbe at R .

Nete :



.L\,r

4. flow Balance

2
an?| _,

dr 7

h.Z = hoz +-21E(T02

dh? 1 Q1

e T 20

dr K +1rKr
dh? I
—_— = __ro
ar iy, K

Flow Balance:

Qren = 0w + Qg

n(roz_rwz)l = Qw + qo4

n(roz_rwz)l =0w—K Zﬂroho

dr

To

2nrghy

To

5 . 1 dh?
m(ry“—n,* ) =Qy — K hdr

2
w(ry?~r,2)I =Q,, — nKroW

To

2
2 Q o Iry To
- ——ln(—)——ln(—)
) K r K T
Iny?1
K r

Q1 In?1

K 1y K ry

1 In?1
e Ll 'l

I
m (2=t = Qu = KTy (—— et

K

)

9 14/
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GEN

M

RAL SQLUTION

Make +he c/w\njc of variables . s =

dh = - ds
dr dr

The goverming e7ua:/wn becames -

- Kb%j%(ré_fi's;

dr L!

0

| d%s

Jr?

+_{i$_’_::AKl.$,.,? O

rodr b Kb

L‘> _The.. 3:/1:!‘4/ Soluheon .

= AL (k) v Bk, (k) |
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G
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PARTI<ULAR 300NN [oR A DRAWDAWN - LoNTROLLED

o) 3 «

WELL

For a
Condrhons are -

h(r.) = ho . .
A (R)

h

9T, in HFerms of drawdewns -

drawdown ~ cortyollesl  well ,

7‘!"2. b NGO chry

A' . <— The bw'\c{x'\j head i asvmed 4y he
” #\e same A Ahe hz:m{ ot 41»( -I\a)a ﬁlr

- t(ﬂb’\‘(’?’f A

>

I .,-_S._(rw) = Sy.= h!- .Aw -
e S LR = QO - e -
Recall__ _dhe. 3eaeml ro/\n‘\on
- . S_=.. AI (kr)j- BK (kr) - -~
- where k= ._(.. K' ) Z e
S_— et e - PPN SO — - L’ KL
: JQ‘AQeﬁQLmﬂ A _and B _are._evaluated. lo?__czn.n.ienna
e ._.___-.;,.y__dgﬂa___ﬁmadaay_c._ndm.:_-__ e e
1) )"= T 2
4
s(rw) = s, L (ke.) + BK, (k)

o

S
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5. el - YO

T, (kr) K, (kRY— I, (kR) K. (krw) Ko (kR)
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- 2ekr)
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= +27r Kb _J.[sw Lo (kr YKo (kR) — L. (kR K, (kr)
o To (k) Ko (KR) - I, (KRYK. (fr)

=
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APPENDIX C



Notes on analytical solutions for groundwater inflow to the base of a circular
excavation:

Model 11. Forchheimer (1914) solution

1. Conceptual model

The conceptual model for the Forchheimer (1914; p. 75) solution is shown in Figure 1. The solid
line in the impervious layer represents the potentiometric surface in the underlying aquifer. Implicit
in the conceptual model is that the source of water is a constant-head surface at some distance

X >> ry, and that the aquifer is thick. Hvorslev (1951) adopted the Forchheimer (1914) as his shape
factor Case 3 (p. 31) and Case B (p. 44).

¢
e e r.—-l/Original groundwater level
——"-—“"——--W*-7—-+' ' e e ==
. Sw r / - H
Impervious layer | 7 |
psssrotessrrss Bl 870 h%“' E s vpssisir00020s //l/ Lix
bt . .
’ ..-Equi-potential line
Pervious aquifer _ .
Seepage line (Flow line)
'
Y

Figure 1. Conceptual model for the Forchheimer (1914) solution
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2. Solutions for head and discharge

The solution for the hydraulic head in the confined aquifer is (Suzuki and Yokoya, Eq 5):

H—h(r) =—2—sin™ (”—)
27 Kr, r

The solution for the inflow to the excavation is:
Q = 4Kry,s,,
Check:

In the limit as r >> rw, the solution reduces to:

H—h(r>»r)- sin"1(0) =0

2nKr,,
That is,
h(r>»r) - HN

Given the drawdown in the excavation, sw = H-hw, the discharge is given by:

H-h,= Y sin”' (1)
27 Kr,

0O

" 27Kr, 2

_ 0
4Kr,

Re-arranging:
Q = 4Krn,,s,,

This is Suzuki and Yokoya, Eq 1.

Page 2 of 6
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3. Calculation of radius of influence

The head at a radial distance R is obtained by evaluating the head solution at r = R:

—h, :Lsin’1 Ly
27Kr, R

Solving for R yields:
27 Kr r
H-h L=
sin {( 2) o } P
—>R= i Py
nKr
sm[(H—hR) o W}

This is Suzuki and Yokoya, Eq 6.

Substituting for the discharge in the expression for Q yields:

R= &
. 2nKr,
sin (H_hR)[élKifsMJ
_ ) rw _ rw
i p [ (H=hy)
sin _(H_hR)PSWJ sm{ 2 s

Defining the drawdown at r = R as sg, we can write the expression for the radius of influence as.

R 1

r T T L (s )]
2\s,

This expression is Suzuki and Yokoya Eq 7.

Page 3 of 6
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Estimation of the radius of influence

The relation between the radius of influence and the drawdown is plotted in Figure 2.

\\\\/A

0.001 ENIEEEE IR

0.01

Drawdown, sR/sy

©
=

1 \\\\\H‘ \\\\\H‘ \

1 10 100 1000
Radius of influence, R/ry,
Figure 2. Radius of influence for the Forchheimer solution
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The radius of influence is estimated in three steps:

1. Choose a criterion for negligible drawdown, expressed as a fraction of the drawdown in the
excavation;

2. Estimate R/rv from the chart; and

3. Multiple R/rw by the effective radius of the excavation, rw.

Example:

Assume the drawdown in the excavation is 10 m
Assume that a "negligible" drawdown is 1.0 cm
Calculate sr/sw=1.0 cm/10 m = 0.001

From the chart: R/rw = 636

If rv=50m, R=31,800 m (!)

Page 5 of 6
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Notes on analytical solutions for groundwater inflow to the base of a circular
excavation:

Model 12. Hvorslev (1951) Case 4/C model [Harza/Taylor]

Hvorslev (1951) cited “empirical data” by Harza and Taylor as the sources for this solution, which Hvorslev
designated Case 4 (p. 31) and Case C (p. 44) [*soil flush with bottom in uniform soil"]:

Q = 5.50 Kht T‘O
Taylor (1948) obtained his result from the carefully drawn flownet reproduced in Figure 1.

¢ of well of radius r, with impervious side
wall and with protecting filter at bottom

! ? /Top flow line

1

3l

1

1

y

|

\ |

1 4\

| |

12 | 1

! ]

' :

|

1 | 5)

16 2L 4 2 '
SHSHSIRRIIS SIS = RPF WS SRS SPES S SN ES HESHS HYES Y ENES

Impervious underlying stratum

Figure 1. Flow net for the radial flow to the bottom of an excavation
(Reproduced from Taylor, 1948)
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The Taylor flow net solution for the inflow into the base can be written as:

I ng (rb)
Q - T tnd l

Parameters:

r51wro
b: 1.8 10
[:23 70

From the flow net solution:

nr=135
nda =22
_ (5) ((5.11y)(1.81y) _
Q = 2nKh; (22)( 2370) > = 5.70Kh; 1,

Taylor also referred to the additional investigations of Harza (1935) conducted with electric analog
methods. Taylor indicated that the Harza results confirmed that the inflow is insensitive to the radial extent
of the cross section, the depth below the well, and the depth of the soil. This is because practically all head
is lost near the entrance to the well.

Silvestri and others (2012) developed an exact analytical solution for the problem of an infinitely thick
aquifer:

Q = 2.804 KAHD = 5.608 KAH r,
This solution is amazing close to Taylor’s result, demonstrating the power of a well-constructed flownet.

The agreement also confirms Taylor’s indication that the assumption regarding the thickness of the aquifer
is not important, as so much of the head loss occurs right around the entrance of the well.

20t 3
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